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Variants

Question: What if the order is

Setting: Basic Keychain Problem
fixed and known?

Question: What if the order is

. . . Setting: Probabilistic Scenarios
drawn from a known distribution?

Question: What if we can select

i Setting: Order Selection
the order of keychains?
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Scenario 1: p; = 0.33 Scenario 2: p, = 0.66 Scenario 3: p; = 0.25

After observing C; = {k4}, we can safely rule out scenario 3, update probabilities, play accordingly.

Overarching question: What policy maximizes reward?
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Theorem:

Approximation-preserving poly-time reduction from Fixed-Order
Probabilistic Scenarios to Maximum Weight Laminar Matching.

¢ /

Corollary:
Poly-time (1 — %)-approximation to Bayes-optimal fixed-order probabilistic scenarios policy.
NP-hard to approximate a policy with value better than 0.9996 * OPT.
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/Order Selection: reorder keys and chains to maximize score.
Score of an ordering:
- For each key, check it has a horizontal edge (corresponds to
playing the key).
\_ Count number of non-upwards edges for played keys.
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Downwards Facing Bipartite Permutation (DFBP): reorder keys

and chains to maximize score.

Score of an ordering: number of non-upwards edges.
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/Order Selection: reorder keys and chains to maximize score.
Score of an ordering:
- For each key, check it has a horizontal edge (corresponds to
playing the key).
\_ Count number of non-upwards edges for played keys.
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Downwards Facing Bipartite Permutation (DFBP): reorder keys

and chains to maximize score.

Score of an ordering: number of non-upwards edges.
-

\

Theorem: Reduction from DFBP to Order Selection.
NP-hardness of DFBP = NP-hardness of Order Selection.
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Approximating the Bayes Optimal Policy

Key Played Chain

4 )
Downwards Facing Bipartite Permutation (DFBP): reorder keys

and chains to maximize score.
Score of an ordering: number of non-upwards edges.

Fix any ordering of keys and chains (o}, o) and its reverse
(—oy, —0¢). One of these two is a ¥%s-approximation for the
optimal DFBP ordering.
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Key Played Chain

/Order Selection: reorder keys and chains to maximize score. )
Score of an ordering:
- For each key, check it has a horizontal edge (corresponds to
playing the key).

=8

\_ Count number of non-upwards edges for played keys. W
Fix any ordering of keys and chains (o}, ;) and its reverse
(—ok, —0ac). one of these
two is a Ys-approximation for the optimal :
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Established Connections and Results

Keychain Variant | Related Bipartite Useful Takeaways
Model

Basic Keychain Maximum Weight Bayes-optimal policy
Problem Bipartite Matching computable in polynomial time.
Probabilistic Maximum Weight (1 — %)-approximation to Bayes-
Scenarios Laminar I\/Iatching optimal probabilistic scenarios policy.
Order Selection Downwa rds Facing DFBP Y:-approximation idea gives %-

approximation to the Bayes-optimal

Bipartite Permutation .o -celection policy.
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 Succinct representation of exponentially many scenarios
* Uniform over all orderings

* Formalize relationship between Order Selection setting and OCSPs
* |s J5-approximation best-achievable?

* What happens in settings with multiple correct keys?
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